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Correlations in sea-level elevations
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We have analyzed a 105-year time record of hourly sea-level elevations for the port of Esbjerg, Denmark. In
addition to well-known periodic components, the power spectrum has a low-frequency broadband structure
which we interpret as having three regimes behaving approximatef{,as 12 and f 24 with increasing
frequency. We attribute this behavior to driven, damped Kelvin waves. In this context, we present a model
which considers the correlation function of a damped wave equation driven by a spatially distributed noise
source. We have also studied shorter records at other locations which display similar spectra and compared the
coherence functions with the model predictiof81063-651X97)01709-]

PACS numbgs): 05.40+j, 92.10.Hm, 92.60.Dj

[. INTRODUCTION correlation function. In Sec. IV we compare the measured
data with the results of the model.
We have analyzed a 105-year time record of hourly sea-

level elevations from the port of Esbjerg, Denmark taken Il. SPECTRAL MEASUREMENTS
between 1889 and 1994. The record therefore consists of _
nearly 16 data points, which makes possible the averaging A. Esbjerg

necessary to ascertain the shape of the power spectrum. In ggpjerg lies at the east end of the North Sea, one of the
addition to well-known periodic components such as tidalmost intensely studied seas in the world. Figure 1 shows the
peaks, the spectrum has a low-frequency broadband structuggeation of Esbjerg and the other sites discussed in this work
which we interpret as having three regimes behaving apwhich are in or near the North Sea. The Esbjerg record con-
proximately asf®, f~%% and f~2% with increasing fre- sists of over 105 years of sea-level elevation measurements
quency. _ _ _ _ {y;} taken at 1-h intervals with a 1-cm resolution. The record

Power spectra displayingflhoise occur in many systems yas closely examined for any defects. The only problem was
[1,2]. It was the strong suggestion of such behavior in thesporadic gaps in the data resulting from missing measure-
Esbjerg spectrum that encouraged us to look for a simplenents which constituted- 3% of the record.
model based on a diffusive mechanism, as has often been \ye performed a simple check for stationarity by tracking
attemptedwithout successfor resistorg 2]. It is known, for  the yearly mean and standard deviation as shown in Figs.
example, that the diffusion equation will producé $pectra
in all dimensions if it is forced to have white noise at the
boundarie$3]. However, this is only true for the spectrum of
the spatially averaged field, whereas the sea-level recorc
can certainly be regarded as point measurements. Moreove
it is obvious that at higher frequencies one is simply observ
ing some manifestation of gravity waves which presumably
requires some form of wave equation.

We have developed a model that, with certain physica
assumptions, may explain the important features of the ok
served spectrum. In particular, we will argue that the sea
level elevation fluctuations in the North Sea are primarily
caused by damped Kelvin waves driven by a spatially dis
tributed white noise source. We can then compute the corre
lation function for various cases, some of which are relevan
for the measured spectra. Other measurements of which w
are awarg4,5] probably do not fall into the class of systems
described by the model.

The paper is organized as follows. In Sec. Il we presen
spectral measurements of the sea-level elevations at Esbje
and other locations. In Sec. Il we develop the model for the

*Present address: Danish Hydraulic Institute, Agern Alle 5, DK-  FIG. 1. Map of the North Sea region showing the locations of
2970 Hasholm, Denmark. Esbjerg(1), Hanstholm(2), Hirtshals(3), and Torshavri4).
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FIG. 2. Thenth yearly mear(a) and standard deviatiofb) of the Esbjerg data for the period 1889-1994. A similar analysis is shown in
(c) and(d) for Esbjerg(®), Torshavn([1), Hanstholm(A), and HirtshalgV) for the period 1972—-1994. It is evident that Esbjerg has much
larger tides than the other sites.

2(a) and 2b). There is in fact a small, roughly linear increase were removed, and found it was consistent with the previous
in time in both the standard deviation-(L0%) and the mean spectra. Finally, we computed the spectrum of an essentially
(~15 cm or~25% of the standard deviatipnSuch trends  gap-free region of the data, and it too was consistent with the
are known to occuf5,6]. They are sufficiently small, how- others)
ever, that if the data are rescaled to have zero mean and a The power spectrum of the Esbjerg data is shown in Fig.
constant standarq d_eviation, the shape of the power spectrug) Figure 3a) shows the power spectrum without any aver-
is unaffected. A similar analysis for three other stations in orzging. At lower frequencies it is nearly white. At higher fre-
near the North Sea, albeit with shorter time recordsyyencies it becomes obscured due to the large statistical fluc-
(~22 year), is shown in Figs.(@ and 2d). Both the means y,ations. To examine higher frequencies, it is therefore
and standard deviations appear to be constant over thigscessary to average the power spectrum, and this is the
shorter period of time. . ! ~ v (2 advantage of having such a long time record. This is shown
The power spectrum I defined a&(f )=([y(f)[*), in Fig. 3(b). The length of the averaged segments has been
mge;iy(ufl?arlsbﬁgik'(:a?:rilr?cgi;[:?[gsg\)/g?aof theldata ds{ﬂt} , and tchosen so that the resulting spectrum contains all the essen-
the ang S ging. In order to CoMpUlg. teatures of the broadband structure. The crossover to a
it, it is necessary to fill in the gaps. This was done by replac- . .
ing them with the local mean value determined from linear”€2"y W*J'}e spectrurﬁl 's now seen fo occur at
fits through the yearly means shown in Fig&)2and 2¢). A~ 9%10 " Hz~(20 d) = Abov_eltgns frequency, there is
Amusingly, the worst gap problems appeared at recent timed "€9!0n V\Qere we be“ﬂ@(f )~f" "% Then at a frequency
when the recording apparatus was fully automated. Consd<™~5X10 " Hz~(2.d)"*, the spectrum crosses over rather
quently, in our analysis, we used just the first 720 896 point$harply into a regime where it appears t5f ) ~f =>4 un-
(~82 year) which had not only a smaller gap fraction derneath the tidal peak¢The spectrum flattens again near
(1.7% but also far fewer gaps exceeding lengths of 100the Nyquist frequency, probably as a result of aliagirg:
which could conceivably contaminate the more interestinghough we fully realize that this interpretation of the spec-
lower frequency portion of the spectrurfds a check, we trum is open to question, it led us to develop the model
compared the spectrum for the full data set with the shortdiscussed in Sec. Ill, which in turn showed that it is, in fact,
ened oneboth correcte] and found no significant differ- a physically plausible possibility.
ences, also when the spectra were averaged, implying that The Ilunar tidal peaks are clearly visible at
the correction alone was sufficient to obtain a clean specf~1.1X10 ° Hz (lunar parallax, 24.84-h peripdand
trum. As further evidence that this was the case, we alsé~2.2x 10 ° Hz (principal lunar, 12.42-h perigdplus their
computed the spectrum of the more gap prone points thatarious harmonics and sidebands. A blowup of this region is
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T T T 25 years, so their spectra cannot be as heavily averaged, they
10 nevertheless yield various clues as to the underlying pro-
cesses that produce them. Figur@)5shows the Esbjerg

spectrum from Fig. &) together with the spectrum from
Torshavn, Faroe Islands, which lies just at the entrance to the
shallow North Sea. Although the Torshavn spectrum consists
of only 11 averages, and its broadband structure is therefore
less well defined than Esbjerg’s, they appear to have roughly
the same shape. This also proved to be the case for the ports
of Hanstholm and Hirtshals, both of which lie close to Esb-

S(f)

10 I|II|1I|O-9I ! |||u1|;)_5| 1 |||||1|IO_7| ! |||n1|o_‘s jerg on the Danish coast.
f (H2) This is definitely not the case for locations in other parts
of the world. Figure B) compares the spectrum from Esb-
. AL L B R jerg with one from Hong Kong. The Hong Kong spectrum
10 appears to have the same qualitative behavior as Esbjerg, but
10° both f, and f; occur at lower frequency. Figuregch and
. 5(d) show spectra from Antofagasta, Chile and the Yap Is-
~ 10 lands, respectively, neither of which is even qualitatively
(‘7,’ 10° similar to Esbjerg’s. We will discuss these spectra further in
7 Sec. IV.
1
10 C. Spatial correlations
1 T TR T A It is aIsoNinstruE'Eive to examine the cross-spectrum
o o ot 0t 10 S(xl,xz,f)=<.y(x1,f)y*(.x2,f)> between sites at; andx,
f (H2) to study spatial correlations. The cross-spectrum can be nor-

malized to form the coherence functionk(f)=

FIG. 3. Power spectrum of the Esbjerg data; Unaveraged. S(x1,%2,f)/ Vs,l(f)s2(f)’ so that| x(f)| lies be_tween 0 an_d
(The first few points reflect the shape of the window function andl- The magnitudes of the coherence function for Esbjerg-
should be disregarded. Also, the full spectrum up to the Nyquist! Orshavn and Hanstholm-Esbjerg are shown in Fig).6
frequencyfy,=1.4X 10~* Hz has not been shown for reasons of They indicate that the respective pairs of sites are correlated,
clarity) The solar annual tidal peak can be seen atespecially at low frequencies, which is perhaps not surpris-
f~3.2x 1078 Hz. (b) Averaged. The spectrum consists of 46 aver-ing. As might be expected, Hanstholm is more correlated
ages(50% overlap. The lunar tidal peaks are visible at the right. with Esbjerg than Torshavn since it is much closer. Of
The solid lines are shown for reference. greater interest is the phase of the coherence fun@ifi)

which is shown in Fig. @). In both cases, it increases al-
shown in Fig. 4. Tidal spectra have been studied in greafost linearly up to~10"° Hz, beyond which it can no

detail, and we will not discuss them furthig, 7]. longer b(_a reliably (_ietermined. This sug_ge_sts_that at ce_rtain
frequencies there is a single characteristic time associated

with the flow of information. For dispersion-free waves, this
] ) would simply be the transit time between sites, which would
We have also examined the sea-level elevation records fQiyp|ain the larger slope for Esbjerg-Torshavn. Furthermore,
a number of other sites both in the North Sea and around th@e sign of the phase determines the flow direction: Torshavn
globe, a small fraction of which we now present here. Al-tg Esbjerg to Hanstholm. We will discuss the implications of
though some of these records cover periods of no more thafie phase further in Sec. IV. The coherence function for
widely separated sites, such as that for Esbjerg and Hong
Kong, shows no signs of correlations except at the tidal
peaks.

B. Other locations

Ill. SYSTEM MODEL

We assume that the system is linear, which will be true as
long as the wave amplitudk is small compared to the wave-
length . We will also assume that we are always in the
shallow-water limit, i.e., that the unperturbed water defpth
is also very small compared ta It is well known that, for a
N T T constant depth(undampeyl shallow-water gravity waves
05 10 5 20 25 30 obey the ordinary wave equation ¢3jo%¢/d*t=V2¢p

f (10'5 Hz) where¢(x,t) is the displacement of the water from its equi-
librium height, andc= \/gh is the wave velocity wherg is
FIG. 4. A blowup of the lunar tidal peaks shown in FigbB the gravitational acceleratiof8]. Its dispersion relation is

S(f)
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FIG. 5. Comparison of the Esbjerg power spectrum with thosgoTorshavn,(b) Hong Kong,(c) Antofagasta, Chile, and) Yap
Islands.

1‘00 T TTTIT T T TTTTT LILLBLALILLL
f==xc/\ (or o= *=ck). The linearity condition breaks down I ' ' '

at short wavelengths, which for the highest frequencies in

Fig. 3b) (f~10 % Hz) and even a very small water depth 075 1
h=10 m gives\ ~10° m, whereas general<10 m. The _ o
shallow-water condition requires in addition theg\ which > 050 ../
is satisfied even in the deepest oceans. = I
025 |
A. Kelvin waves r
The rotation of the earth affects the motion of gravity 0.00 bt il 1 s
waves, primarily due to the Coriolis force. For example, in a 107 10° 10°° 107
rotating channel of uniform shallow depth in a flat geometry, f (Hz)
the equation of motion becomg3]
4000 —————— 11—
9 (92 I
+ 2v2 1 | (b)
at \ at? wip-c =0, @ @ 3000 -
(] L
e
with the boundary conditions o 2000 |
3 .
P9 0?6 y—oL. 2 S woof
ayat T ax y= @
. : 0.0 Lttt
where ,y) are the directions along the channel axis and 0.0 05

transverse to it, respectivelyy; is twice the rotation fre-
guency of the channel, ard is its width. We will assume
that this simple system describes gravity waves in the North F|G. 6. The magnitudés) and phaséb) of the coherence func-
Sea(f-plane approximation (We regard the depth as con- tion for Esbjerg-Torshavn(solid line and Hanstholm-Esbjerg
stant, on average. We therefore do not consider topographidashed ling The dotted lines irfb) are linear fits(see text
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waves such as Rossby waves. Furthermore, we ignore dopthereK?= w?/c®+iyw. The telegraph equation has the de-
pler shifting since even a fast sea current travels no moreired limiting behavior with respect to the crossover fre-
than~1m/s) quencyw.= yc?. At low frequenciesn<w, it reverts to the
This system has two types of propagating waves. The firstliffusion equation. We then see that=D,*, and conse-
is Poincarewaves which satisfy the dispersion relation quently w.=3r,/h?. (Following our discussion above, we
w?=w?+c2(k?+n?7?/L?), where n is an integer. The will henceforth use the turbulent viscosity in place of the
lowest-lying Poincarenode in the North Sea, i.en=1 with  ordinary viscosity. At high frequencieso> o, it will be-
w;=1.2X10 % Hz, h=100 m, andL =500 km, would be have as a wave equation.
expected to occur at~3x10"° Hz in the vicinity of the The crossover frequenay,. has a simple physical inter-
tidal peaks. However, Poincareaves are generally not ob- pretation, i.e., it is where the penetration depth
served[9], probably because they are sensitive to the geoms= (2v,/w)¥?~h. At high frequencies the penetration depth
etry, which is not regular, and hence are effectively smeare@ small, and dissipation at the bottom is not important. At
out. low frequencies the penetration depth becomes comparable
The second type is Kelvin waves, which obey the ordi-to the depth, dissipation becomes dominant, and waves can
nary one-dimensional wave equation along the channel axiso longer propagate, i.e., one only observes relaxation. As
and hence have the dispersion relatior = ck. However, we will show later, this crossover appears in the power spec-
in the transverse direction, they have a time-independent prarum and it is in fact the same one visible in FigbBat
file o(y)~e™Y'R for waves traveling in the+x-direction, f~5x10"°® Hz, as discussed in Sec. Il A. For a depth
whereR=c/w; is the Rossby radius of deformation. For a h=100 m this implies that,/v~ 10> which is consistent
water depthh=100 m, c~30 m/s, andR~250 km. Thus, with our rough estimate earlier.
in the North Sea, Kelvin waves near the coast propagate If we write K=ky+i8, then, for the telegraph equation,
essentially counterclockwise, since the amplitude of the op-

posite going waves is diminished by a factor of roughlg?1/ K o [ Vit 02 wl+1]2
We therefore assume that gravity waves in the North Sea are 0} =— é} . (4)
purely unidirectional Kelvin waves which can be described B ¢ 2

by the one-dimensional wave equation.
At low frequenciesB=(yw/2)*?= (31v,w/2gh®)*2. At high
B. Telegraph equation frequenciesB— yc/2, but this cannot be correct since the
manner in whichy was introduced was valid only at low
frequencies. In fact, for shallow-water gravity waves in the
weak-damping approximation it can be shown tHi]

Next, we must include the effects of damping, i.e., the
viscosity v. It can be shown that in the extreme shallow-
water limitkh— 0, the dispersion relation for damped gravity
waves becomes = —igk?h®/3v, i.e., the motion is purely
diffusive with diffusion constanb,=gh%/3v [10]. Thus, at
sufficiently low frequencies gravity waves are overdamped
and they conveniently obey the ordinary diffusion equationFor »=0.1nf/s and h=100 m, this is valid up to
d¢lat=D,V2¢. There is one important consideration, how- f~10"2 Hz. For reference, the damping length at
ever. The Reynold’s number of even a rather shallowf=10 % Hz is thenp™~1000 km.

(h=100 m) sea current typical of the North Seaean ve-
locity v~0.3 m/9 is Re=hv/r=3x10’, so the flow is
clearly turbulent. In such a case, the effective viscosity can ) ) _ )
be much larger. It has been argued that this turbulent viscos- We now imagine that the Kelvin waves are driven by
ity is roughly given byw,/v~Re/Re where Reis the criti- u_nspecmed random forces. We will therefore use the Lange-
cal Reynold’s number associated with the sysfadj. Fora  Vin approach, and summarize these. fo_rceg as a stochastic
sphere, for example, Re 100, but, for plane Poiseuille flow, Source ter_m_. However, their spatl_al d_|str|but|on may depend
it is much larger, in fact Re-6000, so it is possible that on their origin. F(_)r example, the tide in the North _Sea e_nters
v lv~10*—1C. This is consistent with the estimated verti- from the Norwegian Sea and runs counterclockwise with an
cal turbulent viscosity of the oceal,~1—1000 cri/s [8].  @mPphidrome near its centf9,13]. The tide motion is there-
(Since turbulent motion only occurs at scales smaller thafCre effectively one dimensiondilbeit rotating, with an

the water depth, it will not otherwise affect shallow-water @PParent source in the North Atlantic. Since the tides in the
gravity waves whose wavelengths, by definition, are muct¥orth Sea are, in fact, due to Kelvin waves, we may suppose
larger) that the Kelvm waves h_ave a local source z_ilso, at Ieas_t at low

The wave and diffusive properties of shallow-water grav-frequencies(Local forcing has been considered previously
ity waves can be expressed by the so-called telegraph equi@" the diffusion equation, but by employing noisy boundary
tion usually used to describe the propagation of electromagconditions[3]. However, there are no such apparent bound-

B=(rw/8gh*)*2 ®

C. Noise source

netic waves in a conducting medium, ary conditions in the North Sea, so a source term seems more
appropriate. For a one-dimensional system, the obvious and
1 0% de 5 simplest choice is a point source. At high frequencies, on the
2 a? +y Tt Vee=F(x1), (3)  other hand, the system is more likely to be driven globally by

wind forces or atmospheric pressure variations. In this case
where vy is a positive damping constant arfé{x,t) is a  the source is translationally invariant in space as well as in
source term. Its dispersion relation gk, w)=k*—K?=0, time.
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A spatially distributed source can be written as The power spectrum is just the correlation function mea-

F(x,t)=a(x) n(x,t) where a(x) is the spatial amplitude, sured at a single point, i.ex;=X,=X. For a global source
and, as usual, [p(x)=1] this is,

(n(x,1))=0, (6a)

SN(w)=j 1G(x,X", w)|2d%". (12)
(p(x,t) p(x',t"))=2T"8(x—x") 8(t—t") (6b)

) . (The system is translationally invariant so the power spec-
for some constankt. For a global(spatially uniform) source  tyum must be independent of the measuring positior a

a(x)=1. For a point source at, a(x)=5(x—xo) and the  n5int source we have,
spatial § function in Eq.(6b) should be replaced with a Kro-

necker delta. The correlation function B{x,t) can then be Sy(X, )= |6(x,x0,w)|2. (12
written as
The telegraph equation E(B) has plane-wave eigenfunc-
Se(X, X", t,t") =(F(X,)F(x",t")) tions so its Green’s function can be written as
=2Tp(x)8(x=x)8(t-t"),  (7) _ 1 ek
fw)= Ak 1
where for a global source(x) =[a(x)]?=1 and for a point GolxX',0) (2m)¢ j D(k,w) d’k, (13

sourcep(x) = 8(x—Xg). (Of course,I' must be different for ] ) ] ) )
the two cases. which, for a single source of spatially decaying outgoing

In the diffusive limit (w<w,) the noise is nonconserving, Waves, is{17]
i.e., the fluid displacement (and hence, for an incompress-

ible fluid, the fluid volume will not be strictly conserved Go(x.X',@)=(i/l2K)eX 1 (d=1), (149
[14]. In fact, this is desirable since, at low frequencies and - , _ " ,
hence for long times, one does not expect strict conservation Go(x,x", )= (I/HH (K[x=x"]) (d=2), (14b

due to nonconserving processes such as rain and evaporation.

For short times, however, one expects the water height to be Go(x,x’,w)=(1/477|x—x’|)e‘K‘X‘X'| (d=3), (140
conserved. Although the situation is more complicated in the

wave regime > w.), the form Eq.(7) can, in fact, be where H{"(2) is a Hankel function of the first kind and
consistent with a conserving source if there are height flucK =+ (0?/c?+iyw) V2

tuations due to noise in the hydrostatic forces, presumably We have not, as yet, discussed the white noise at very low
originating from the boundary conditions at the surface. Infrequencies found in most of the measured spectra. This is
this case we can just regard the wave equation as the forggesumably a consequence of the finite sizef the system,

equation for the surface displacement. which we have not considered in the analysis so far. This
would introduce a cutoff at small wave vectdeg~1/A in
D. Correlation function the integral Eq(13) with the result thaGy(x,x’,w)— const.

when w<w(k,). Hence the correlation function will also
become constant below, = w(k,).

It is now straightforward to compute the correlation func-
tion explicitly for specific cases. We will considde=2 for
completeness, although we have assumed all along that the
relevant phenomenon is one-dimensional Kelvin waves.

We can now compute the correlation function
S(x,x",t,t")=(e(x,t)e(x',t")). Using the Fourier trans-
form o(x,w)=[e(x,t)e'“'dt, we first write ¢(x,0)=
[G(x,x",w)F(x",w)d%’, whereG(x,x",w) is the infinite
domain Green'’s function and is the dimension of the sys-
tem. The correlation function can then be written 5,16

1. Point source

S(lexz,w):f G(xq, X", 0)G* (Xz,X", @) (a) d=1: If both x;>xq andx,>X,, i.e., both measuring
s points are on the same side of the source, then, substituting
X Sp(X', X", @)d%"dX". (8)  Eq.(14a into Eq.(10) we find,
From Eg.(7) we have thatSg(x,x’,w)=2I"p(x) 8(x—x'), 1
and SO, i SN(XJ.YXZiw): Welkotfe_B(Xl—Xo)e_ﬁ(Xz—Xo)’ (15)
SN(Xl’Xer):f G(Xy,X',0)G* (Xo,X, @) p(x")dX’, where é=x;—X,. The phase is independent of the source
positionxy and is simply

©)

where Sy(X1,X,, ) =S(X1,Xs,w)/2I". For a point source at
Xg, this simplifies to

O(w)=koé, (16)

wherekgy(w) is given by Eqg.(4). We can write the power

SN(X]_,X2,(1)):a(xl,Xo,(D)a*(Xz,Xo,(D). (10) SpeCtrum Eq(lz) as

o~ 2B(x=Xo)

The spectral form of the correlation function corresponds, of Sy(X, @)= .
course, to the cross-spectrum discussed in Sec. Il C. 4yo[1+ w0 wt]

17
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2. Global source
Using the representation E(.3), the correlation function
Eqg. (9) can be written as
eik-(xlfxz)

! ddk
ID(kw)[?” ™

(2m)¢

SN(XliXZIw): (22)

For an isotropic syster®(k,w) can only depend ok?, so
the correlation function must be real and her@@éw)=0
always. A simple scaling of Eq22) shows that in the dif-
fusive regime of the telegraph equation<€ w;), the power
spectrum behaves & (w)~ »@?~2. The wave regime be-
havior is more complicated, and will be discussed shortly.

If, in addition to being isotropic, I(k,w) is indepen-
dent of k, then there is a simple connection between Egs.
(13) and(22), namely,

SN(X1, X0, @)= — IMGo(Xy, %o, @)/ IMD(K,0)  (23)
which resembles the fluctuation-dissipation theorEi8].
For the special casB (k,w)=k?—K?, this becomes

Su(X1, %5, @) =IMGo(Xq, X5, @)/2BKo. (24)
For the telegraph equation, the infinite domain Green’s func-

tion is equivalent to the response function, angkg= yw
from Eq. (4), so we recover the fluctuation-dissipation theo-

FIG. 7. Power spectra of the telegraph equation driven by aem explicitly. As we have discussed, howevgrdoes not

point noise souce fofa) d=1 and(b) d=2.

It should be noted thas, whose behavior is incorrect at high
frequencies as discussed in Sec. Il B, only appears in th
damping factor.(The phase does not depend gnat all)

behave as predicted by the telegraph equation at high fre-
quencies. This is especially relevant for a global source,
since damping is necessary in the wave regime to preserve
stationarity(whereas for a point source the energy can radi-
ate away. In principle, the true response function must be

Ignoring the damping factor, we see immediately thatcomputed from the ful(linearized Navier-Stokes equations

Sy(X, w)~(yw) ! for w<w, and Sy(x,w)~(w/c) 2 for
w>w;.
(b) d=2: In this case the correlation function is just

Sn(X1., Xz, @) = 75 HEV (K| Xy = Xo| ) HEP (K* [ %= Xo]),
(18)

and the power spectrum is therefore
Sn(x,@)= 5 [HG! (K|x—xo|)| 2. (19

It is more instructive to use the asymptotic form of the Han-
kel function H{"(z)=(2/72)¥%! >4, (We ignore the
logarithmic singularity ag— 0, since it can only be observed

at frequencies corresponding to length scales far greater than

any in the system.Then Eq.(19) can be written as

e~ 2B|x—xg|

SN(X,w)Zm- (20)

with the appropriate boundary conditioffom which the
true form of B is actually derivey] and this is not equivalent
to the infinite domain Green’s function. Consequently, the
form D(k,w)=k?—K? can no longer be valid for all wave
vectors. Nevertheless, it should still correctly describe the
high- and low-frequency limiting behavior. Thus, if we use
the true form ofB in the Green'’s functions Eq$14), they
will also retain the correct high- and low-frequency limiting
behavior, and thus become useful approximatigifiese
remarks are also relevant for a point source sigcstill
appears in the damping factors in E45).]

(@) d=1: Using Eq.(148 and the relation Eq(24), we
find

efﬁ|§|
Su(X1. X 0) = 5 ez [kocostkot) — B sinlkol )],
(29

As expected, the correlation function is real and so the phase
is always zero. It also has oscillations that would be observ-

The above results are shown schematically in Fig. 7. Irable. The power spectrunz € 0) is then just

general, we find for a point source thatithout damping
factorg

Sn(w)=1/4B|K|?. (26)
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This result implicitly assumes that one is measuring waves

traveling in both directions. As discussed in Sec. Il A, how- Global
ever, Kelvin waves are effectively uni-directional. Thus we (O) oba
must return to Eq(9) and compute the correlation function d=1
by explicitly writing the Green’s function Eq143 as a sum 3
of positive- and negative-going waves, i.e., (\/)/
Go(X, X", )= (i/2K)[ KX g(x—x") o
B ! - —2
+e KD g(x" —x)], (27
where #(x) is the unit step function. Then keeping only the | l
positive-going contribution, Eq9) yields
C‘)A wc
1 log w
X1, Xp,0)= e'kote=Alé 28
SN( 1,72 ) 8ﬁ|K| ( )
which has a nonzero pha®(w)=Kkqé& just as for a point (b) Global
source. The power spectrum is, of course, just half of what it d=2
was for the bidirectional result E¢26). =)
(b) d=2: Using Eq.(24) again, we find e w
1 . ) O
Su(X1, %0, @)= ———[H(Kr) + HZ (K*r)], (29 o
16,3'(0 _3/2 *
wherer =|x; —X,|. The power spectrum is therefore
l l
Sy(w)=1/8Bkg. (30 W, W,
The results for a global source are shown schematically in '09 W

Fig. 8. In general, we find thdtgnoring damping factojs
FIG. 8. Power spectra of the telegraph equation driven by a
Clidea @2 =2 (w<w) global noise source fofa) d=1 and(b) d=2. The dashed lines
Sn(w)~B lko R P (0> w,) (3D show the corrected spectra using the weak-damping approximation
. for B [Eq. (5)] (see text

The high-frequency behavior now depends explicitly @n V. COMPARISON OF MODEL AND DATA

which it did not for a point sourcéexcluding damping fac-

tors). As discussed earlier in this section, we can obtain the We will now discuss which of the possible scenarios pre-
correct spectra for damped gravity waves by using the trusented in Sec. Ill D are relevant for the sea-level elevation
form of B in Eq. (31). In particular, if we use the weak- data.(We only consided= 1, since this was one of the origi-
damping approximation Eq5), thenSy(w)~ % ”?in the  nal assumptions of the modgl.

wave regime > w.). The corrected spectra are shown as

dashed lines in Flg 8. A. Damping factor

The damping factors which we have ignored thus far may
be important at high frequencies. Using the weak-damping
The results of the previous sections should also be comapproximation forg, Eq. (5), we can rewrite the damping

pared with the spectrum of the spatially averaged field usufactor in Eq. (17) as exp—2B8(x—xo)]=exd —(f/fo)*?],

ally presented in the literatur8]. This can be written as where fo=gh% 7wy, (x—x)%. If fo>f., then x—xo<
Sn(@)=A 29[S (%, %0, w)d%,d%,. Using Eq.(22) we  (3/2)Y4c/mf.)~2300 km. In other words, the fact that we
obtain the expected result for a global sourcedo notsee an obvious exponential decay in the Esbjerg spec-
m=A_d|D(k=0,w|_2- (The result is the same for a trum [Fig. 3b)] implie_s that the apparent source cannot be
point source except that it should be divided by another faciurther away than this distanceThe stretched exponential

tor of AY) In the diffusive regime, we therefore obtain the dependence of the damping on frequency weakens its effect
— 5 X . . even more. Furthermore, as discussed in Sec. Il B, we do
well-known resultSy(w)~ o~ < which holds in all dimen-

/ i not observe any significant difference between the Esbjerg
sions. If, on the other hand, the system is forced to havgng Torshavn spectra. According to the above argument, the
noisy boundaries, as opposed to a noisy source term, thger ought to be much closer to the source, and thus not
Su(w)~o~ ! in all dimensions[3]. However, as in the display any of the effects of damping, if present. We there-

present work, the spatially averaged field is often not what isore conclude that the damping factors are not important at
actually measured. the studied frequencies.

3. Power spectrum of the spatially averaged field
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B. Esbjerg trum, although the two spectra are otherwise rather similar.

The Esbjerg spectrum, Fig.({8, could perhaps be pro- 1he first shift implies that the "size” of the Hong Kong

; ; tem is larger than Esbjerg’s. The size might be the length
duced by a point source as given by EG7). From the Sys X
argument in the previous section, it would have to be locate f the continental shelf from the Yellow Sea to the Golf of

. — . . 2 .
no more than~2000 km away, otherwise the effects of onkin (3000 km). The second implies thak/h™ is

) ) : . smaller than in the North Sea, but this is difficult to check
damping would be manifest. This would explain the nonzerqndependently

phase in the measured cross-spectra with Torshavn and Han- The s ; P
. ) . pectrum from Antofagasta, Chile, shown in Fig.
stholm([see Fig. @)] predicted by Eq(16) (at least in the 5(c), is probably a consequence of a different process alto-

\évr?\\e/llel r;f?:!g]:s, Si%n(t:r?eltcli?ffﬂglit/eeITe%?;Ségvagvﬁsilr\:ee tr.?éa\{_ ®Dgether. First, the water is much deeper than in the North Sea
. o ’ h>3000 m) which should result in a distinctly smaller

sureq slopes in the spectrum are notl_ceably steeper than t ossover frequenc, (bearing in mind thav, also depends

predicted ones. It would seem more likely, therefore, base nh). The measured spectrum would therefore be entirely in

on the arguments of Sec. Il C, that the system is driven bxfhe wave regime, but the slope is not consistent with those

ghorzgl ;onr((j:es}e?jticlgee %Ste'; gsleerllrsavv?/oflg”?r?exmbeereré:ehrlne?_ redicted by our model for either a point or a global source.
P P gnly econd, the Kelvin wave theory requires a uniform depth

agreement. The diffusive regime could still be produced by vhich is not the case here. In fact, if allowance is made for

point source, although perhaps contaminated by global forcpoth the sloping topography at the coast and a realistic den-

wgv :'\s rt])gnzrirsoerr:th:ss?/v:ehgz ;ecﬁgref(;ﬁrt] :/)vnalzeinilr(wjltrr?:tll\?grztiliity stratification, then it is known that coastal trapped waves
P P an exist causing coastal sea-level fluctuations with time

Sea. ;
, . scales of~1-20d[19]. These may be responsible for the
of hI‘E\(/]ve (qg;h%ae)isir;dc p?ﬁ;ﬁs ft(?r t:i g(')gr?]geqvl‘\'zn% ;Ormobserved spectrum. The Yap Islands are in the open sea, so

£~2800 km for Esbjerg-Torshavn and~400 km for presumably the gravity waves there are not Kelvin waves,

Hanstholm-Esbjerg. The first should be compared not With?tr;%g ?: stﬁguceor;ctlgxtthgf ?ﬁic\xgm Figdcannot be under-

the direct distance between Torshavn and Esbjerg
(~1200 km), but with the length of the counterclockwise
tidal path in the North Sea that the Kelvin waves also pre-
sumably follow (~2000 km). The second distance is in re- It is difficult, of course, to assign a definite explanation to
ality ~200 km. The discrepancies may suggest that we havany given spectrum. Unlike a laboratory experiment, it is
overestimated the wave speed, and hence, the depth, partidmpossible to make a systematic survey of the various con-
larly in the relatively shallower water between Esbjerg andtrol parameters governing sea-level elevations, or even to
Hanstholm. obtain the data quality required to resolve competing theo-
We can estimaté\ from the crossover to white noidg,  ries. However, we feel that there is a certain self-consistency
in the Esbjerg, spectrum, Fig(l8. (The spectrum below, between the data and the model presented in this work that is
is actually not quite white which may indicate that the sourcenot accidental. Unfortunately, the more interesting spectra
spectrum may also not be white as we have assynethe  where both the diffusive and wave regimes are manifest re-
diffusive regime 2rf,~Dok3, which gives A=(c/2w)  quire rather special conditions, specifically, a large bounded
x(foA)—1/2~3ooo km. This is roughly the size of the body of relatively shallow water. Nevertheless, the methods
North Atlantic basin. employed are sufficiently general that they may be appli-
cable to other systems as well.

D. Concluding remarks

C. Other locations
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